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Radiation of Energy and Change in Color of a Point Source of the Yang-Mills Field
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It is shown that the color of a single, classical pole particle can change only if the
gauge group contains two generators a and b such that la,b6]=a # 0 and the particle is
unaccelerated. If the gauge group is compact and semisimple, then color is constant,
but there is transfer of energy by the Yang-Mills field, in complete analogy with the
situation in electrodynamics described by the Liénard-Wiechert potentials.
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Classical solutions to Yang-Mills equations are
probably not as physically relevant as the corre-
sponding solutions in Maxwell’s theory, but their
study may elucidate some general features of
strong and weak interactions.! It is interesting,
in particular, to consider the similarities and
differences among analogous situations in electro-
dynamics, in non-Abelian gauge theories of the
Yang-Mills type, and in Einstein’s theory. The
latter may be looked upon as a gauge theory of
the gravitational field, but with different equa-
tions and a structure richer than in other gauge
theories.?

Color in chromodynamics plays a role analo-
gous to that of the charge in electrodynamics and
of energy-momentum in Einstein’s theory. One
can also compare color and charge to spin in the
Einstein-Cartan theory,® or in other theories of
gravity with torsion,* but this analogy is not made
use of here, In a sense, color is more like ener-
gy-momentum in Einstein’s theory than charge in
Maxwell’s: Gluons carry color and gravitons
have energy-momentum, whereas photons are
neutral. Therefore, one can formulate the ques-
tion of radiation of color, analogous to the prob-
lem of gravitational radiation: Is it possible for
a bounded classical source of the gluon field to
change its total color? Of course, one should be
careful about distinguishing “real” changes of
color from those induced by the freedom in the
choice of gauge.

This Letter answers the question of color radia-
tion—essentially in the negative —for the rather
special case of a point source with the structure
of a simple pole. Its field is assumed to be de-
rivable from the Liénard-Wiechert potential
adapted by ArodZ to the Yang-Mills theory.® It is
shown that —against the expectations of Drechs-
ler®—such a point particle does radiate energy
when accelerated. Its color can change only if
the particle is unaccelerated and the gauge group
G admits two generators a and » such that [a,b]
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=q+#0.

It is convenient to represent the Yagg-h/[ills po-
tentials (4,°) and field strengths (F,,°) by Lie-
algebra-—valued differential forms”

A=A,‘dx"e;, F=%—Fuvidx“ A dx” e;,

where (e;) is a linear basis of the Lie algebra of
the gauge group and Greek indices, ranging from
0 to 3, refer to space-time. The relation be-
tween F and A is

F=dA +%{4,A],

where d is the exterior derivative and the bracket
denotes both the Lie-algebra product and the
wedge (skew) product of forms. Introducing the
Hodge (dual) operator * one can write Yang-Mills
equations as

D xF:=d *F+[A, * Fl] =47 *7,

where xj is the three-form of color current of
the source, dual to j =e;j,’dx". Similarly as in
Einstein’s theory, the source current satisfies

D xj =0, but is not truly conserved by itself. The
total current

xJ 1=%j —(1/4mA, x F] =(1/4n)d * F

is conserved, d *J =0, but is locally ill-defined
because the field contribution to xJ is highly
gauge dependent. For a bounded source, however,
one can presumably find a gauge such that A and
F =0(r"1) for » — = and total color may then be
defined by Gauss’s law

Sy xI=/an) [ «F (R~<),

where Sy is the surface of the ball By of radius
R. The integral converges for R —« provided the
“electric part” of the »"! term in F is tangent to
SRI

Let z#(s) be the Cartesian coordinates of a
smooth, timelike world line z in a flat space-time
with Minkowski metric (g,,). The world line is
parametrized by its proper time, g,,2"z" =1,
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z" =dz"/ds, 2°>0. One associates with z a sys-
tem of comoving spherical coordinates (¢,7,0, ¢)
by writing®

xF =zF(u) +rIH (6, CP)/P(u,G »9),
where u = —7 is a retarded time,

¥ =g“,,[x“ - z*(w)]z¥ (u) =0

is a radial distance measured in the rest frame
of an observer moving along z, and I =(I*) is the
null vector field,

1=(1, sinf cosp, sinf sing, cosh).
These definitions imply
8uy dx* dx’=(1 —rp~*p) du® +2 dudr
—p " r¥(do? +sin® de?),

where a dot denotes differentiation with respect
to . The function p =g,,2"1" has a simple physi-
cal interpretation: if w is the frequency of a
beam of light moving in the (6, ¢) direction, as
seen from rest in the coordinate system (x*),
then wp(u,0, @) is the frequency of the same beam
measured at z"(x) by the observer moving along
z. The world line z is straight, 2" =0, if and only
if p =0,

Consider a point particle of (dimensionless)
color ¢(s) =4*(s)e;, moving along z. Its Liénard-
Wiechert potential is defined by

A =qu)r 1%, (u) dx*, (1)

This form of the potential fixes the gauge almost

completely; the only remaining freedom is of

constant gauge transformations, ¢—-g l4g, gG.

Such global gauge transformations are not enough

to align a time-dependent color along a fixed di-

rection, contrary to what is asserted in Ref. 5.
The field strengths corresponding to (1),

F=qv 2dundr
+’r'1duA[21d’r+q1’d(p'li))], (2)

satisfy the Yang-Mills equation D x =0 (v #0) if
and only if

a+lg, 4l =0 (3)
and
a(p~ty)/ou=0. (4)

If G is either (i) Abelian, or (ii) compact and
semisimple, then Eq. (3) implies 3 =0, It is
worth noting that, in the important case (ii),
strict conservation of color follows from the
Yang-Mills equation alone. Moreover, the field
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(2) has the same structure as in electrodynamics:
It contains a Coulomb-like » "2 term and a radia-
tive ! term, linear in (2%). Clearly, the latter
term gives rise to outgoing radiation of energy.
The expressions for the Poynting vector and the
total intensity may be obtained from the corre-
sponding formulas derived in electromagnetism
by replacing the square of the electric charge by
- Trq¢?. Moreover, it is easy to see that, if §=0,
then the color current *j corresponding to (1) is
a distribution with support on the world line z.

It can be expressed in a form used in the context
of the Yang-Mills theory by Wong?® and by Adler,*

iy ) =q' [2,(s)0(x — 2(s)) ds,

“where & is the four-dimensional Dirac function.

If y#0, then Eq. (4) leads to
»=0 and 3=0.

The particle is thus unaccelerated and its color
changes linearly with time,

qt) =at+b, . (5)
where, by virtue of Eq. (3),
[a,6l=a#0.

The x coordinates may now be adjusted so that
» =1 and the solution assumes a manifestly spher-
ically symmetric form, ’

A=r"Yau+b)dt, (6)
F=r"%at +b)dtAdr. )

In this case color changes, but there is no trans-
fer of energy by the gluon field. Incidentally, the
field strengths (7) may also be derived from the
potential » "*(af +b) dt which is not gauge equiva-
lent to (6).

Gauss’s law applied to the field strengths (7)
gives the time-dependent charge (5). A closer
analysis shows, however, that the gauge configu-
ration described by (6) and (7) is, in fact, time-
independent. This is easily seen in the simple,
but typical, case when G =SL(2,R), and

{01 (-3 0 (10
=6 8 o=(F 2 =(32)

If S=I+au, then S"'=I—qu and

A =S 'AS+S5"YdS=r " dt +adu, ®
F'=S"FS=v"3ar +b)dtAdr.

The gauge-transformed field (8) is explicitly
time independent, but contains an unexpected »~1!
term which makes it impossible to apply Gauss’s
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law. sions,
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The magnetic moment of the E° hyperon has been measured to be pz0 = —1.253+0.014
nuclear magnetons. A new measurement of 4, is also reported.
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The magnetic moments of the members of the and Glashow,' who obtained values for the static
baryon octet were first calculated under the as- moments, MUy, Mby+, Hpo, B, h=0, Mh=z-, and the
sumption of perfect SU(3) symmetry by Coleman transition moment, pza, in terms of the magnetic
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